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1. INTRODUCTION
A 2&(v, k, 1) design D=(P, L) is a system consisting of a finite set P
of v points and a collection L of a k-subset of P, called lines, such that each
2-subset of P is contained in precisely one line. We shall always assume
that 2<k<v.
Let GAut(D) be a group of automorphisms of a 2&(v, k, 1) design D.
The group G is said to be line-transitive (line-primitive, respectively) on D
if G is transitive (primitive, respectively) on L. The group G is said to be
point-transitive ( point-primitive, respectively) on D if G is transitive
(primitive, respectively) on P. A flag of D is a pair consisting of a point
and a line containing this point. G is flag-transitive on D if G is transitive
on the set of flags of D. The following results are well known:
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(i) if G is line-transitive, then G is also point-transitive (see [1]);
(ii) if G is flag-transitive, then G is point-primitive (see [13]);
(iii) if G acts line-primitively on a finite projective plane, then G is
point-primitive (see [14]).
Doyen and Delandtsheer [8] conjecture that if G is line-primitive, then
G is also point-primitive. Under each of the following hypotheses the
conjecture holds true:
(1) D is a finite projective plane;
(2) k(k, v)4;
(3) v>[k(k&1)2&1]22;
(4) k40;
(5) G has a subgroup acting regularly on P;
(6) The rank of G acting on L does not exceed 7.
Here (1), (3), (5), (6) refer to [8]; (2), (4) refer to [8, 12, 18]. In [3],
the authors discuss the case of k(k, v)6. In this paper, we will prove the
following theorem:
Theorem 1.1. Let D be a 2&(v, k, 1) design and GAut(D). If k(k, v)
10 and if G acts as a line-primitive automorphism group of D, then G is
also point-primitive.
This result supports the DoyenDelandtsheer conjecture.
The notations and terminologies used in this paper are standard in
group theory.
2. SOME PARAMETERS
Let D be a 2&(v, k, 1) design, and let b and v denote the number of the
lines and the points of D, respectively. Let r denote the number of the lines
containing a fixed point of D. Then
b=
v(v&1)
k(k&1)
, r=
(v&1)
(k&1)
.
We note the following parameters of 2&(v, k, 1) designs, introduced
in [12]
b1=(b, v), b2=(b, v&1), k1=(k, v), and k2=(k, v&1).
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Obviously,
k=k1k2 , b=b1 b2 , r=b2k2 , and v=b1k1 .
Proposition 2.1 [12]. Let G be line-transitive and f denote the number
of G-orbits on the flags of D, then the following results hold for each
flag (:, l ):
(i) b1 b2 k1 | |(:, l)G |; (ii) k1 | |:Gl |; (iii) b2 | |l G: |; (iv) fk2 .
Corollary 2.1 (Camina and Gagen [6]). If G is line-transitive and
k | v, then G is flag-transitive.
The proof follows immediately from Proposition 2.1(iv), because in this
case k2=1.
3. PRELIMINARY RESULTS
The point-set of D will be denoted by P and the line-set of D denoted
by L. Assume that G is a line-primitive but point-imprimitive automorphism
group of D. Let C=[C1 , C2 , ..., Cc] be a non-trivial partition of P into c
classes of size s, which is preserved by G and G acts primitively on it. By
[9], the action of G on C is faithful. Note however that Proposition 3.1
and Corollary 3.1 below hold also if the line-primitivity hypothesis is
weakened into line-transitivity.
Proposition 3.1 [12]. There exist positive integers x and y such that
(i) s=xb2+1, c= yb2+1;
(ii) x } y<k22 ;
(iii) k1 | (x+k2)( y+k2).
Corollary 3.1. For a fixed k2 , the number of pair (D, G) is finite,
where D is a 2&(v, k, 1) design with (k, v&1)=k2 and G is line-transitive
but point-imprimitive.
Proof. Given k2 , the number x and y are bounded by (ii) of Proposition
3.1, and so k1 is bounded by (iii) of Proposition 3.1. Thus k is bounded.
The conclusion follows from [10].
Proposition 3.2 [12]. If x=1, then G C$GC G(C) is 2-transitive on C,
where C is an imprimitivity class of G.
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Proposition 3.3. If y=1, then G is 2-transitive on C.
Proof. For each flag (:, l ), |G: : G:, l |#0(mod b2) by Proposition
2.1(iii). Let :, ; # C, :{; and ; # l. Then |G: : G:, ; |#0(mod b2), and so
b2 | |;G: |. Let 1=[C1 , C2 , ..., Ct] be an orbit of GC on C&[C]. Since
G:<GC , 1 G:1. Thus |1 |=ts#0(mod b2). Consequently, t#0(mod b2).
Since y=1, we have t=b2 and GC acts transitively on C&[C]. Hence G
is 2-transitive on C.
From the proof of the above proposition, we have the following
Corollary 3.2. (i) b2 divides all the lengths of GC-orbits ({[C]).
(ii) b2 divides all the lengths of the orbits of G: (where : # C) on C&[:].
Proposition 3.4 [5, Lemma 1]. Let GAut(D), and let H{1 be a
subgroup of G. Then Fix(H)r+k&3.
Proposition 3.5. Let s=b2+1 and s even. If s } (k&1)+7&(r+2k+2c)
>0, then G(C)=1, where C # C.
Proof. For a fixed C, we consider the set Q=[(:, l ) | : # l, :  C and l
meets C in exactly two points]. Note that the hypothesis s=b2+1
together with Proposition 2.1(iii) and |l & C|2 implies that all lines inter-
secting C in at least two points must intersect C in precisely two points.
Hence |Q|=( s2) } (k&2). For any point : # P, we denote by P(:) the pencil
of lines containing :. Let Ni=[: # P"C | there exist exactly i lines of P(:)
that intersect C in two points]. Set ni=|N i |. When i>s2, Ni=<. Thus
n0+n1+ } } } +ns2=v&s and so n1+2n2+ } } } + s2 ns2=|Q|.
Suppose that G(C) {1. For any g # G(C) , when i2, each point of Ni is
fixed by g. Thus
|Fix(G(C))||C |+n2+ } } } +ns2 .
Since
n2+n3+ } } } +ns2
2
s \2n2+3n3+ } } } +
s
2
ns2+
=
2
s
( |Q|&n1)

2
s
(s(s&1)(k&2)2&v+s)
=(s&1)(k&2)&2c+2,
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we obtain the inequality
|Fix(G(C))|s+(s&1)(k&2)&2c+2
=s(k&1)&k&2c+4
>r+k&3.
This contradicts Proposition 3.4. Thus G(C)=1.
Proposition 3.6. Let s=2b2+1. Then
(i) GC acts primitively on C, where C is an imprimitivity class of G;
(ii) If b2 odd and GC is not 2-transitive on C, then s is a prime
power.
Proof. (i) Suppose that G C is imprimitive on C. Then there is a sub-
group K of GC, such that G C: <K<G
C and K is not transitive on C. It
follows that K: has two orbits acting on C&[:] and the lengths of them
are b2 . Thus K has two orbits on C. Hereafter 1 will denote the orbit
containing :, |1 |=b2+1. Clearly, K1 is primitive on 1. Since 2 |1 |>|C |,
GC is primitive on C by [21, Theorem 8.4]. We obtain a contradiction.
Hence GC is primitive on C.
(ii) By (iii) of Proposition 2.1, b2 divides the lengths of the orbits of
GC: on C&[:]. G
C
: has two orbits on C&[:] and the lengths of them are
b2 by the hypotheses. Since G C is transitive on C, |GC | is odd by [21,
Exercise 3.13]. Thus G is solvable and so s is a prime power by (i).
Proposition 3.7. Let c=2b2+1 and b2 odd. If G is not 2-transitive on
C, then c is a prime power.
Proof. By Corollary 3.2 and the hypotheses, GC has two orbits with
lengths b2 on C&[C]. Since b2 and c are odd, |G| is also odd by [21,
Exercise 3.13]. Thus G is solvable. G is primitive on C and so c is a prime
power.
Proposition 3.8. Suppose that M=Soc(G) is simple. If G(C)=1, N \GC
Aut(N) for some non-abelian simple group N, and there is no non-abelian
simple group of order n with nc and n | (c |Out(N)| ), then |N| |MC |
|GC ||Aut(N)|.
Proof. Since G(C)=1, GC$GC and N \GC and MC \GC ; thus
NMC \GCAut(N) and NMC N \GCNOut(N). If MC & N=1, then
MCOut(N). Naturally |M|=c |MC | and |M| |c | Out(N)|, a contradic-
tion. Therefore |MC & N|>1, and MC & N=N. So we have NMC and
|N||MC ||GC |=|GC ||Aut(N)|.
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Proposition 3.9 [9]. (i) Soc(G) is a non-abelian simple group;
(ii) Ac \3 G.
4. PROOF OF THE THEOREM
Suppose that the theorem is false. We will derive a contradiction in
several steps.
Step 1. For 5k210, we find all possible 9-tuples of parameters
(k2 , k, s, c, n, m, x, y, b2)
satisfying the following conditions:
(A) xy<k22 ((ii) of Proposition 3.1);
(B) k1 | (x+k2)( y+k2) and (k1 , k2)=1 ((iii) of Proposition 3.1);
(C) k=k1k2 , k30; [9, Theorem 2];
(D) Both n=k1x2 and m=k2 y2 are integers;
(E) Both s=(k(k&1)2&n)m and c=(k(k&1)2&m)n are integers
[9, Lemma 11];
(F) s | (c&1)! ([9]) and b2=(s&1)x=(c&1)y is an integer
(Proposition 3.1(i));
(G) v=sc, and b1=vk1 is an integer, and k |3 v and v>k2 [9, Lemma 6].
With the aid of a computer we obtain 198 such 9-tuples (see Table I).
Step 2. We know G acts primitively on C. Using the tables of [11]
and Proposition 3.9, we find that 83 9-tuples of the above 198 9-tuples do
not occur. In Table I, the symbol (DMTs, P3.9) means that we get a
contradiction by Dixon and Mortimer’s tables in [11] and Proposition 3.9.
Step 3. We use Delandtsheer’s techniques as in [9], 56 9-tuples in
Table I are eliminated. The symbols Mp and Pp in Table I are the same as
in [9], where p is a prime. The symbol (As , Mp) in Table I means that
As \GC (where x=1 and so GC is 2-transitive on C by Proposition 3.2)
and the product of the highest power p dividing |G| by the highest power
of p dividing ? in Lemma M of [9] does not divide c!, a contradiction,
where C is an imprimitivity class of G.
Step 4. When x=2, we eliminated 7 9-tuples in Table I. In seven
cases, if GC is 2-transitive on C, where C is an imprimitivity class of G,
then As \GC by [15, Table]. Hence we can take a prime p with p | |As |
and so p | |G|. Moreover, we find that the product of highest power of p
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TABLE I
No k2 k s c n m x y b2 Ref.
1 5 30 144 144 3 3 1 1 143 (A144 , M137)
2 5 60 294 294 6 6 1 1 293 (L2(293), 2942)
3 5 90 444 444 9 9 1 1 443 P37
4 5 180 894 894 18 18 1 1 893 (DMTs, P3.9)
5 5 30 72 143 3 6 1 2 71 (DMTs, P3.9)
6 5 70 172 343 7 14 1 2 171 (DMTs, P3.9)
7 5 210 522 1043 21 42 1 2 521 Lemma 4.1
8 5 30 48 142 3 9 1 3 47 (DMTs, P3.9)
9 5 120 198 592 12 36 1 3 197 (DMTs, P3.9)
10 5 30 36 141 3 12 1 4 35 (DMTs, P3.9)
11 5 270 336 1341 27 108 1 4 335 (A336 , M317)
12 5 30 24 139 3 18 1 6 23 (DMTs, P3.9)
13 5 60 42 288 6 42 1 7 41 (DMTs, P3.9)
14 5 30 18 137 3 24 1 8 17 (DMTs, P3.9)
15 5 120 54 584 12 132 1 11 53 (DMTs, P3.9)
16 5 30 12 133 3 36 1 12 11 Lemma 4.2
17 5 110 32 528 11 187 1 17 31 Lemma 4.3
18 5 30 143 72 6 3 2 1 71 M13
19 5 70 343 172 14 7 2 1 171 (DMTs, P3.9)
20 5 210 1043 522 42 21 2 1 521 M149
21 5 245 609 609 49 49 2 2 304 (DMTs, P3.9)
22 5 35 21 81 7 28 2 8 10 (DMTs, P3.9)
23 5 120 592 198 36 12 3 1 197 M37
24 5 40 64 64 12 12 3 3 21 (DMTs, P3.9)
25 5 270 1341 336 108 27 4 1 335 M149
26 5 60 288 42 42 6 7 1 41 (DMTs, P3.9)
27 5 35 81 21 28 7 8 2 10 (L2(7), A7 , L3(4), 81)
28 5 110 528 32 187 11 17 1 31 M11
29 6 30 43 85 5 10 2 4 21 M43
30 6 30 85 43 10 5 4 2 21 (DMTs, P3.9)
31 7 56 384 384 4 4 1 1 383 (L2(383), 3842)
32 7 112 776 776 8 8 1 1 775 (DMTs, P3.9)
33 7 224 1560 1560 16 16 1 1 1559 (L2(1559), 15602)
34 7 448 3128 3128 32 32 1 1 3127 Lemma 4.4
35 7 56 192 383 4 8 1 2 191 (DMTs, P3.9)
36 7 168 584 1167 12 24 1 2 583 M73
37 7 504 1760 3519 36 72 1 2 1759 LST2(2, 1759, 1)
38 7 56 128 382 4 12 1 3 127 (DMTs, P3.9)
39 7 140 324 970 10 30 1 3 323 (DMTs, P3.9)
40 7 560 1304 3910 40 120 1 3 1303 M163
41 7 56 96 381 4 16 1 4 95 (A96 , M83)
42 7 84 116 576 6 30 1 5 115 (DMTs, P3.9)
43 7 224 312 1556 16 80 1 5 311 LST2(5, 311, 1)
44 7 56 64 379 4 24 1 6 63 (DMTs, P3.9)
45 7 728 848 5083 52 312 1 6 847 (A848 , M839)
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TABLE IContinued
No k2 k s c n m x y b2 Ref.
46 7 56 48 377 4 32 1 8 47 (DMTs, P3.9)
47 7 896 696 6256 64 576 1 9 695 (A696 , M691)
48 7 42 26 276 3 33 1 11 25 Lemma 4.5
49 7 504 320 3510 36 396 1 11 319 (A320 , M313)
50 7 56 32 373 4 48 1 12 31 (DMTs, P3.9)
51 7 224 120 1548 16 208 1 13 119 Lemma 4.6
52 7 56 24 369 4 64 1 16 23 (L2(81), 23)
53 7 448 184 3112 32 544 1 17 183 (A184 , M179)
54 7 1400 544 9775 100 1800 1 18 543 (A544 , M523)
55 7 1456 536 10166 104 1976 1 19 535 (A536 , M523)
56 7 504 176 3501 36 720 1 20 175 LST3(9,389)
57 7 56 16 361 4 96 1 24 15 (DMTs, P3.9)
58 7 84 20 552 6 174 1 29 19 (DMTs, P3.9)
59 7 1064 240 7410 76 2356 1 31 239 LST2(31, 239, 1)
60 7 2520 464 17595 180 6840 1 38 463 LST2(38, 463, 1)
61 7 168 1167 584 24 12 2 1 583 (DMTs, P3.9)
62 7 504 3519 1760 72 36 2 1 1759 (L2(1759), 3519)
63 7 189 657 657 27 27 2 2 328 M73
64 7 630 1467 2200 90 135 2 3 733 LST2(3, 733, 1)
65 7 252 351 876 36 90 2 5 175 (DMTs, P3.9)
66 7 1008 783 3520 144 648 2 9 391 (A783 , M773; P3.6)
67 7 357 249 1241 51 255 2 10 124 (A249 , M239; Step4)
68 7 252 135 872 36 234 2 13 67 (DMTs, P3.9)
69 7 63 27 209 9 72 2 16 13 (DMTs, P3.9)
70 7 504 207 1752 72 612 2 17 103 (A207 , M199; P3.6)
71 7 42 15 134 6 57 2 19 7 (DMTs, P3.9)
72 7 1638 603 5720 234 2223 2 19 301 (A603 , M599; P3.6)
73 7 140 970 324 30 10 3 1 323 (DMTs, P3.9)
74 7 560 3910 1304 120 40 3 1 1303 (L2(1303), 3910)
75 7 630 2200 1467 135 90 3 2 733 LST2(2, 733, 1)
76 7 70 160 160 15 15 3 3 53 (DMTs, P3.9)
77 7 700 1630 1630 150 150 3 3 543 P163
78 7 910 1060 2119 195 390 3 6 353 LST2(6, 353, 1)
79 7 70 40 157 15 60 3 12 13 (DMTs, P3.9)
80 7 308 429 536 88 110 4 5 107 (DMTs, P3.9)
81 7 84 576 116 30 6 5 1 115 (DMTs, P3.9)
82 7 252 876 351 90 36 5 2 175 M73
83 7 308 536 429 110 88 5 4 107 (DMTs, P3.9)
84 7 56 76 76 20 20 5 5 15 (DMTs, P3.9)
85 7 84 96 115 30 36 5 6 19 (DMTs, P3.9)
86 7 728 5083 848 312 52 6 1 847 (DMTs, P3.9)
87 7 910 2119 1060 390 195 6 3 353 M163
88 7 84 115 96 36 30 6 5 19 (DMTs, P3.9)
89 7 56 377 48 32 4 8 1 47 M29
90 7 896 6256 696 576 64 9 1 695 (DMTs, P3.9)
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TABLE IContinued
No k2 k s c n m x y b2 Ref.
91 7 1008 3520 783 648 144 9 2 391 (DMTs, P3.9)
92 7 357 1241 249 255 51 10 2 124 (DMTs, P3.9)
93 7 42 276 26 33 3 11 1 25 M23
94 7 504 3510 320 396 36 11 1 319 (DMTs, P3.9)
95 7 224 1548 120 208 16 13 1 119 M43
96 7 252 872 135 234 36 13 2 67 M109
97 7 63 209 27 72 9 16 2 13 M19
98 7 504 1752 207 612 72 17 2 103 (DMTs, P3.9)
99 7 1400 9775 544 1800 100 18 1 543 (DMTs, P3.9)
100 7 1456 10166 536 1976 104 19 1 535 (DMTs, P3.9)
101 7 1638 5720 603 2223 234 19 2 301 (DMTs, P3.9)
102 7 1064 7410 240 2356 76 31 1 239 (L2(239), 74102)
103 7 2520 17595 464 6840 180 38 1 463 (L2(463), 17595)
104 8 40 155 155 5 5 2 2 77 P31
105 8 200 795 795 25 25 2 2 397 (DMTs, P3.9)
106 8 56 73 217 7 21 2 6 36 (DMTs, P3.9)
107 8 120 95 471 15 75 2 10 47 (DMTs, P3.9)
108 8 72 141 141 18 18 4 4 35 (DMTs, P3.9)
109 8 56 217 73 21 7 6 2 36 M31
110 9 36 314 314 2 2 1 1 313 P157
111 9 90 800 800 5 5 1 1 799 (DMTs, P3.9)
112 9 180 1610 1610 10 10 1 1 1609 (L2(1609), 16102)
113 9 450 4040 4040 25 25 1 1 4039 P101
114 9 900 8090 8090 50 50 1 1 8089 M809
115 9 90 400 799 5 10 1 2 399 (DMTs, P3.9)
116 9 198 886 1771 11 22 1 2 885 M443
117 9 990 4450 8899 55 110 1 2 4449 LST2(6, 1483, 1)
118 9 90 200 797 5 20 1 4 199 (DMTs, P3.9)
119 9 234 524 2093 13 52 1 4 523 M131
120 9 1170 2630 10517 65 260 1 4 2629 M263
121 9 90 160 796 5 25 1 5 159 (DMTs, P3.9)
122 9 180 230 1604 10 70 1 7 229 LST2(7, 229, 1)
123 9 1440 1850 12944 80 560 1 7 1849 LST3(16,809)
124 9 90 100 793 5 40 1 8 99 (DMTs, P3.9)
125 9 1530 1720 13753 85 680 1 8 1719 (A1720 , M1699)
126 9 90 80 791 5 50 1 10 79 (DMTs, P3.9)
127 9 72 58 628 4 44 1 11 57 (DMTs, P3.9)
128 9 1980 1370 17798 110 1430 1 13 1369 LST3(22, 809)
129 9 2070 1330 18607 115 1610 1 14 1329 LST2(42, 443, 1)
130 9 90 50 785 5 80 1 16 49 (DMTs, P3.9)
131 9 360 170 3212 20 380 1 19 169 (A170 , M163)
132 9 90 40 781 5 100 1 20 39 Lemma 4.7
133 9 180 70 1588 10 230 1 23 69 LST2(23, 67, 47)
134 9 3150 1090 28315 175 4550 1 26 1089 (A1090 , M1069)
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TABLE IContinued
No k2 k s c n m x y b2 Ref.
135 9 3330 1070 29933 185 5180 1 28 1069 LST2(28, 1069, 1)
136 9 90 20 761 5 200 1 40 19 (DMTs, P3.9)
137 9 5490 950 49349 305 15860 1 52 949 (A950 , M941)
138 9 5850 940 52585 325 18200 1 56 939 (A940 , M929)
139 9 90 799 400 10 5 2 1 399 (A799 , M397; P3.6)
140 9 198 1771 886 22 11 2 1 885 (DMTs, P3.9)
141 9 990 8899 4450 110 55 2 1 4449 M809
142 9 1089 4895 4895 121 121 2 2 2447 P89
143 9 1287 2893 5785 143 286 2 4 1446 M263
144 9 1584 2035 7120 176 616 2 7 1017 LST2(63, 113, 1)
145 9 2178 1507 9790 242 1573 2 13 753 LST2(39, 251, 1)
146 9 2277 1463 10235 253 1771 2 14 731 (A1463 , M1453; P3.6)
147 9 99 55 433 11 88 2 16 27 (DMTs, P3.9)
148 9 396 187 1768 44 418 2 19 93 (A187 , M179; P3.6)
149 9 3465 1199 15575 385 5005 2 26 599 LST2(26, 599, 1)
150 9 3663 1177 16465 407 5698 2 28 588 (A1177 , M1171; Step 4)
151 9 36 52 103 6 12 3 6 17 (DMTs, P3.9)
152 9 180 268 535 30 60 3 6 89 (DMTs, P3.9)
153 9 288 172 856 48 240 3 15 57 (DMTs, P3.9)
154 9 396 148 1177 66 528 3 24 49 LST3(11, 107)
155 9 234 2093 524 52 13 4 1 523 (L2(523), 2093)
156 9 1170 10517 2630 260 65 4 1 2629 M809
157 9 1287 5785 2893 286 143 4 2 1446 LST2(12, 241, 1)
158 9 1872 2405 4208 416 728 4 7 601 LST2(7, 601, 1)
159 9 2574 1781 5786 572 1859 4 13 445 LST2(42, 137, 32)
160 9 2691 1729 6049 598 2093 4 14 432 LST3(23, 263)
161 9 117 65 257 26 104 4 16 16 (L2(28), 13)
162 9 180 146 320 50 110 5 11 29 (DMTs, P3.9)
163 9 198 136 352 55 143 5 13 27 (DMTs, P3.9)
164 9 180 535 268 60 30 6 3 89 (DMTs, P3.9)
165 9 315 235 469 105 210 6 12 39 (DMTs, P3.9)
166 9 1440 12944 1850 560 80 7 1 1849 M809
167 9 1584 7120 2035 616 176 7 2 1017 LST2(18, 113, 1)
168 9 1872 4208 2405 728 416 7 4 601 M263
169 9 2448 2752 3145 952 1088 7 8 393 LST2(24, 131, 1)
170 9 90 793 100 40 5 8 1 99 M61
171 9 1530 13753 1720 680 85 8 1 1719 M809
172 9 2448 3145 2752 1088 952 8 7 393 LST2(21, 131, 1)
173 9 180 320 146 110 50 11 5 29 (DMTs, P3.9)
174 9 315 469 235 210 105 12 6 39 (DMTs, P3.9)
175 9 1980 17798 1370 1430 110 13 1 1369 M809
176 9 2178 9790 1507 1573 242 13 2 753 M89
177 9 2574 5786 1781 1859 572 13 4 445 M263
178 9 198 352 136 143 55 13 5 27 Lemma 4.8
179 9 2070 18607 1330 1610 115 14 1 1329 M809
180 9 2277 10235 1463 1771 253 14 2 731 LST2(16, 89, 39)
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TABLE IContinued
No k2 k s c n m x y b2 Ref.
181 9 2691 6049 1729 2093 598 14 4 432 M263
182 9 288 856 172 240 48 15 3 57 (DMTs, P3.9)
183 9 360 3212 170 380 20 19 1 169 M73
184 9 396 1768 187 418 44 19 2 93 (DMTs, P3.9)
185 9 396 1177 148 528 66 24 3 49 (DMTs, P3.9)
186 9 3150 28315 1090 4550 175 26 1 1089 M809
187 9 3465 15575 1199 5005 385 26 2 599 LST2(13, 89, 42)
188 9 3330 29933 1070 5180 185 28 1 1069 M809
189 9 3663 16465 1177 5698 407 28 2 588 LST2(13, 89, 20)
190 9 5490 49349 950 15860 305 52 1 949 (DMTs, P3.9)
191 9 5850 52585 940 18200 325 56 1 939 (DMTs, P3.9)
192 10 90 111 441 9 36 2 8 55 (DMTs, P3.9)
193 10 390 243 1937 39 312 2 16 121 (A243 , M223 , P3.6)
194 10 30 9 129 3 48 2 32 4 (L2(128), 9)
195 10 70 49 169 14 49 4 14 12 (DMTs, P3.9)
196 10 90 441 111 36 9 8 2 55 (DMTs, P3.9)
197 10 70 169 49 49 14 14 4 12 (DMTs, P3.9)
198 10 390 1937 243 312 39 16 2 121 (DMTs, P3.9)
Note. (1) Table 1 uses an abbreviated notation for the classical Ln(q)=PSL(n, q); (2)
(DMTs, P3.9) refers to Step 2; (An , Mp) and Mp and Pp refer to Step 3; (An , Mp; P3.6) and
(An , Mp; Step4) refer to Step 4; LST2(m, p, l ) and LST3(m, p) refer to Step 5; (T, n) refers
to Step 6.
dividing |G| by the highest power of p dividing ? in Lemma M of [9] does
not divide c!, a contradiction. If GC is not 2-transitive on C and b2 is odd,
then we get a contradiction by Proposition 3.6.
In Table I, the symbol (As , Mp; P3.6) means that we can rule out this
case by the above.
When x=2 and b2 is even, by Proposition 3.6(i), G C acts primitively on
C. When s=249, then Soc(GC)$A249 by [11]. Thus prime 239 divides
|G|. When s=1177=11 } 107, then by [21, Theorem 13.10], GC contains
an element of order 107 and degree 1177. Hence Soc(GC)$A1177 by [17,
Table III], and so prime 1171 divides |G |. Two cases conflict with [21,
Theorem 14.1]. In this paper, we use the symbols (A249 , M239; Step 4) and
(A1177 , M1171; Step 4).
Step 5. Suppose that G satisfies the following hypothesis:
(V) G is a primitive permutation group of degree c=mp+l with
1m<p and p prime, Ac \3 G, and Soc(G) is a non-abelian simple group.
G contains an element of order p which is a product of m p-cycles and has
l fixed points.
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Using [17, Table II], we can rule out 24 9-tuples of Table I. In this
paper, the symbol LST2(m, p, l ) means that G satisfying (*) does not
occur in [17, Table II], a contradiction. Using [17, Table III], we can
eliminate 5 9-tuples of Table I. In this paper, the symbol LST3(m, p)
means that G satisfying (*) does not occur in [17, Table III].
In the above cases, we used [21, Theorem 13.10].
Step 6. For a given positive integer c with c<1000, by the tables of
[11], we can determine the primitive permutation groups G of degree c.
When c>1000 and G is 2-transitive permutation group of degree c, then
we can determine G by [15, Table]. Remember that Ac \3 Soc(G). We
consider that order of G, and find that 13 9-tuples in Table I cannot occur.
In Table I, the symbol (T, n) means that Soc(G)$T and n does not divide
|G|, producing a contradiction. In fact n divides |G|.
Step 7. Rule out the remaining eight cases in Table I.
Lemma 4.1. The case (5, 210, 522, 1043, 21, 42, 1, 2, 521) cannot occur.
Proof. By [15, Table], the 2-transitive groups G of degree 1043 are
A1043 and S1043 . Hence by Proposition 3.9, G is not 2-transitive on C and
Proposition 3.7 yields a contradiction.
Lemma 4.2. The case (5, 30, 12, 133, 3, 36, 1, 12, 11) cannot occur.
Proof. By [11], we get Soc(G)$PSL(3, 11). Also by Proposition 3.2,
GC acts 2-transitively on C, where C is an imprimitivity class of G. If there
exists some line L # L, such that |L & C|=i>2, then |L$ & C|=i for any
L$ # L with |L$ & C |2. Thus we get a subdesign 2&(12, i, 1). Further, GC
acts as a 2-transitive group on this subdesign. This conflicts with [15,
Theorem 1]. Hence for any L # L, L & C2.
Since b=2 } 7 } 11 } 19 and 13& |G|, we get 13 divides |GL |, where L is
some line in L. Let P be a Sylow 13-subgroup of GL . As n=3, there exist
exactly three imprimitivity class C1 , C2 , and C3 , such that |L & Ci |=2,
where i=1, 2, and 3. Thus P fixes the above six points. But k=30#
4(mod 13); thus 13 divides |Fix(P) & L|&4 and so |Fix(P) & L|17. Also
by v=1596#9(mod 13), we have 13 | ( |Fix(P)|&9). Hence Fix(P)3 L and
we get a subdesign 2&(v0 , k0 , 1) by [6, Lemma 2], where v0=|Fix(P)|
and k0=|Fix(P) & L|. Thus v0k0(k0&1)+117 } 16+1=273. But by
Proposition 3.4, v0r+k&3=82, a contradiction. Hence this case cannot
occur.
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Lemma 4.3. The case (5, 110, 32, 528, 11, 187, 1, 17, 31) cannot occur.
Proof. By the tables of [11], Soc(G)$A33 , PSL(2, 25), Sp(10, 2), or
O&10(2). Thus |G |=(33!2) } a or 2
5 } 3 } 11 } 31 } a$ or 225 } 36 } 52 } 7 } 11 } 17 }
31 or 220 } 36 } 52 } 7 } 11 } 17 } a", where a | 2, a$ | 5, and a" | 2.
On the other hand, as x=1, GC is 2-transitive on C by Proposition 3.2.
Thus Soc(GC)$A32 or PSL(2, 31). Also by Proposition 3.5, G(C)=1 and
so
|G |=c } |GC |=c } |GC |=29 } 32 } 5 } 11 } 31 } a or 528 } (32!2) } a,
where a=1 or 2. We again get a contradiction.
Lemma 4.4. The case (7, 448, 3128, 3128, 32, 32, 1, 1, 3127) cannot occur.
Proof. The socle of 2-transitive group G of degree 3128 is only A3128 by
[15]. This conflicts with Proposition 3.9.
Lemma 4.5. The case (7, 42, 26, 276, 3, 33, 1, 11, 25) cannot occur.
Proof. Since Soc(G){A276 , Soc(G)$A24 or PSL(2, 23) or M24 or Co3 .
Again by [15], Soc(GC)$A26 or PSL(2, 25). As |GC| divides |G |,
Soc(G)$A24 . By [19, Lemma 3.1], G has the rank 3 on C, and the lengths
of the suborbits are 1, 44, and 231, which is impossible by Corollary 3.2(i).
Lemma 4.6. The case (7, 224, 120, 1548, 16, 208, 1, 13, 119) cannot occur.
Proof. As x=1, GC is 2-transitive on C, and Soc(GC)$A120 or
Sp(8, 2). If Soc(GC)$A120 , then 113 divides |G |, which conflicts with [21,
Theorem 14.1]. Suppose now that Soc(GC)$Sp(8, 2). By Proposition 3.5,
G(C)=1, and hence |MC |=|Soc(GC )|=|Sp(8, 2)|, where M=Soc(G) is a
non-abelain simple group. It follows that
|M|=1584 } |Sp(8, 2)|=220 } 37 } 52 } 7 } 11 } 17.
But by the Atlas of finite groups [7], such a non-abelain simple group M
does not exist. Thus this case cannot occur.
Lemma 4.7. The case (9, 90, 40, 781, 5, 100, 1, 20, 39) cannot occur.
Proof. By [11], PSL(5, 5) \G. On the other hand, as x=1, GC is
2-transitive on C by Proposition 3.2. Thus Soc(GC )$A40 or PSL(4, 3).
However, 36 divides |GC |, and 36 does not divide |G|, a contradiction.
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Lemma 4.8. The case (9, 198, 352, 136, 143, 55, 13, 5, 27) cannot occur.
Proof. By the tables of [11], M=Soc(G) is isomorphic to PSL(2, 16),
PSL(2, 17), Sp(4, 4), Sp(8, 2), P0&(8, 2) or A17 . Since v=352 } 136 | |G|,
11 | |G|. But 11 |3 |G| unless M$A17 . If M$A17 , by [19, Lemma 3.1], G
has the rank 3 on C, and the lengths of the suborbits are 1, 30, and 105.
But the lengths of the orbits GC acting on C&[C] are divided by b2=27,
a contradiction. Thus M$3 Sp(8, 2) and so this case cannot occur.
By Steps 17 we conclude that the theorem is true.
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